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In this chapter we will explore the applications of differentiation and integration, mainly to solve differential
equations. An application of differential Equations is that they could be used to model the population infected
by maybe a global pandemic (they were used in coronavirus), so basically, they are very important.

1) First Order linear differential equations

2) Second-order homogeneous differential equations

3) Second-order non-homogeneous differential equations
4) Using boundary conditions

Prerequisite work- Simple first differential equations

So far you may have covered simple first order differential equations. Solve the following below and find the
general solution to the differential equation (a) and particular solution to differential equation (b)

a) % = xe* b) Z—z = —§ given that y=0 when x=2
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First order Differential equation

A first order differential equation is where the highest order of the derivative is 1 equal. There are 2 ways of
solving a first order differential equation.

1) Separation of variables

In general, if dy/dx = f(x)g(y) then we can separate the x and y variables

= $d3’ = [f(x)dx  (we have separated the variables)

Example (Separation of variables)

If %= —xy

[Say =[x
—dy = | —xdx
yy

1
y= Ae " (this is our final general solution)

Pupil question

G+ -y= 0
X dx =
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2) Reverse product rule

Exact first order differential equations in the form:

f(x) T+ F @y = gx) (1)

Using our mathematical intuition and previous mathematical tools we can say:

% [f(x)y] = f(x)Z—Z + f'(x)y (by use of product rule). (2)

=~ from the product rule we can substitute the LHS of the above equation (2) into the LHS of equation (1)
= 2 [f@)y] = g(x)

= JIfyl = fg() dx

Example
X4% + 4x3y = e?*  (use reverse product rule on the LHS and think what function differentiated gave LHS)

2

4.7 _ 4 3
™ x*y] = x dx+4xy

. dy

22 [xty] = e

[x*y] = fezx dx
<ty = 1 _ox
y=3e +c

Pupil Question

a .
X3£ + 3x%y = sinx
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Using an integrating factor

Sometimes our first order differential equation is not in our exact form and we have to turn our differential
equation into an exact form, shown in equation (1) above.

If our first order differential equation is in the form below use a particular Integral:

% +P(x)y = Q(x). Where p and q are functions of x

eg. & _ 5y = e*. (we can see there is no reverse product of the LHS)
dx

= we can turn our first order differential equation into an exact first order differential equation shown on slide
3 by using an integrating factor.
(the proof is very extensive so email if you would like fo see it).

The integrating factor is known as:

e/ pdx (we multiply each term in our differential equation by this integrating factor, where p(x) is the
function multiplied by y, will furn our DE into an exact form).

Example (Using Integrating factor)

dy

- y=¢* (Step 1: recognize the form of the differential equation)
ef —4dx — p-ax (Step 2: find the integrating factor, p(x) = -4 )
e % — 4e My =e¥e (Step 3: Multiply each term by the integrating factor, now in an exact form)
[e™*y] = [e 3 dx (Step 4: Use the reverse product rule)
[e~*y] = _?le‘“ +c (Step B: Integrate)
x ax

y = ?e +ce (Step 6: write in form y=)
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Pupil Question

Find the general solution of the differential equation

cosxd—y + 2ysinx = cos*x
dx Y



Further Maths A2— Core Maths — Chapter 7 — Methods in differential equations. Side 6 of 16

Second Order homogenous differential equations

A second order homogenous equation is one that’s highest order of derivative is 2. It becomes homogenous
when it is equal to zero. Shown in the form below

Ty Y owh b ¢
a dxz dx Cy = wnere a,o c are consants

When solving a second order differential equation we try to find a general solution to our equation that can help
us solve our 2™ ODE.

Mathematical Intuition

e.g. Lets say our 2" ODE is:

2
3—5—437: 0 (wherea=1,b=0andc=—4)
@ = 4y This says the 2" derivative is 4 times the original function, we need to think what function
dx? when we differentiate it aives us the oriainal function back.

= e%¥ (An exponential functional when differentiated gives us the original function back)

Let y= e%*
y'= 2e%*
Y" = 4e2* (so the second derivative is 4 times the original function)

So we can say y(x) = Ae™ is a solution o our general 2" order homogenous differential equation.
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Example

Y" + By +6y' = 0 (we know Ae™ when differentiated gives some constant out the front time the original

function)

- Lets assume y= Ae™ is a solution to our ODE where r is to be found, by subbing in for Ae™

Lety= Ae™
Y'= Are™

rZe™ + Bre™ + 6e™ =0

Ae™ (r?+5r+6)=0 (here Ae™ cannot be zero therefore we have to solve the quadratic for r)

r+5r+6=0 (this here is called the auxiliary equation)

(r+2)(r+3)=0

r=-2 or r=-3. (real roots)

so our general solution to our 2™ homogenous ODE becomes:

y(x) = Ae®+ Be® (where A and B our constants)

3 Cases of our auxiliary equation (ar?+b"+c) =0

1) When b?-4ac > O ( real roots)

y = Ae™ + Bef*

2) When b?-4ac = O ( repeated roots)

y = (A + Bx)*¥

3) When b?-4ac < 0 (complex roots, pqi)

y = ePX(Acos(qx) + Bsin(qx))

Each of these cases give 3 different general solutions
shown each equation. Each of the differential equations
can be shown, try to prove these results yourself.
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Pupil Question (Repeated Roots)

d%y dy _
a) E—6E+9y—0

Pupil Question (Complex Roots)

d?y _dy _
b)m—6a+34y— 0
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Second Order non- homogenous differential equations

A second order non- homogenous equation is one that’s highest order of derivative is 2. It becomes non-
homogenous when it is equal to some function of x. General form shown below:

Y b Y 4 oy = fx) wherea, b !
adXZ ix cy = f(x) where a,b c are consants

1)To solve an equation of this type we first have to consider the homogenous form and find the
general solution this is called the complementary function.

2) Then we need to find a particular integral which is a function that satisfies the RHS.

To find a particular integral we use the table below:

Form of f(x)- RHS of DE Form of Particular Integral
p A
p+gX A+ ux
pHaX+rx’ A+ ux + vx?
[I)ek>< Aekx
pcos(wx) + gsin(wx) Acos(wx) + psin (wx)

Example (no homogeneous differential equations)

Find the general solution to the following dif ferential equation:

d’y _dy
m—5&+6y—2x

1) Firstly, Solve the Homogenous form and find the complementary function.
Jumping straight to our Auxiliary equation:

r?-5r+6=0 (Auxiliary equation)

(r-2)(r-3)=0

r=2 or r=3 (real roots)

so our complementary function becomes

y(x) = Ae?*+ Be® (where A and B our constants)
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2) Second, Find the Particular Integral

From our table we can see our particular integral is in the form p+gx (where p = 0 and q =2).

~ Lety = A+ ux (Particular Integral)

dy _
dx_'u

&y _

dx?
We have differentiated our particular Integral form, which we substitute into our differential equation.

d’y _dy
@—5&+6Y—ZX

0—-5u+6(1+ ux) =2x
—=5u + 64+ 6ux = 2x.
64 —5u + 6ux = 2x (from here we compare the LHS with the RHS)

61 —5u=0 or6ux =2x (solve for 2and u )

1 5
..u—gandﬂ—ﬁ

So our particular Integral is

15
3* T8

Our overall general solution to our 2" ODE is:

y(x) = Ae® + Be®* + §x+li8 (y=CF +PI)
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Pupil Question

Find the particular Integral for the differential equation

d? d .
d—XZ — 5d—i + 6y = f(x) where f(x) is:

a)3

b) e*

c) 13sin3x
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A few caveats when choosing a particular Integral- Special cases

Example 1

d’y _dy
—2 —5-2 46y =e?*
dx? dx+ y=e

If we begin to solve this as normal
m2-5m +6y =0

(m-2)(m-3)=0

m=2 or m=3

CF y(x)= Ae?*+ Be*

Normally we use this form for our particular Integral however we
PI. y(x)=2e* cannot use a particular integral that overlaps with our complementary
function as both are in the same form of e?; therefore, we multiply it
New P.I y(x) = Axe?* by X.

Complete this example below using new particular integral.
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Example 2

d’y _dy 3
dx?2 dx
m2-2m =0
m(m-2) =0

m =0 or m=2

CF y(x)= A+ Be* Normally we use this form for our particular Integral however we
cannot use a particular integral that overlaps with our complementary
New P.I y(x) = Ax function as both are constants 1 and A; therefore, we multiply it by x.

Complete this example below using the new particular integral.
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Using boundary conditions

You can use given boundary conditions to find a particular solution to a second-order differential equation.
Since there are two arbitrary constants, you’ll need two boundary conditions to determine the complete
particular solution.

Example

2
Find in terms of x, given 9V _ g = 2e* , and that Z—i = 0and y= 0 at x=0.

dx2
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Example

Given that a particular integral is of the form Asin2t, find the solution to the differential equation

d?x . . _ dx _
< — X =3sin2t , for which x=0 and =1 when t=0.
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Summary of key points

ymmary of key points
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